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When the regularized Lovelock tensors are kinetically coupled to scalar field
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The recently proposed regularized Lovelock tensors are kinetically coupled to the scalar field.
The resulting equation of motion is second order. In particular, it is found that when the p = 3
regularized Lovelock tensor is kinetically coupled to the scalar field, the scalar field is the potential
candidate of cosmic dark energy.
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I. INTRODUCTION
Scientific breakthroughs are often manifested in making possible seeming impossible. As is well known, the Lovelock
gravity is the most general gravity theory with second-order equations of motion [1] in n dimensional spacetime. When
n = 4, the Lovelock gravity reduces to Einstein gravity. In other words, the higher orders of Lovelock tensors with
p ≥ 2 can not contribute to the equation of motion.
However, recently, a great breakthrough alters this perspective [2, 3]. (See also [4, 5] for earlier works). The key
idea of the breakthrough amounts to regularize the coupling constants
αp → α˜p = αp (n− 2p− 1)!
(n− 1)! . (1)
Then the Lovelock tensors G
(p)
µν are regularized as
G(p)µν → G˜(p)µν = G(p)µν
(n− 2p− 1)!
(n− 1)! . (2)
It follows that the corresponding regularized Lovelock tensors G˜
(p)
µν are non-vanishing, for example, in static spherically
symmetric spacetime and maximally symmetric spacetime even if the spacetime is four dimensional.
The idea of this kind regularization was originally considered by Tomozawa [4] with finite one-loop quantum cor-
rections to Einstein gravity. Then it was also proposed by Cognola et al. [5] with a classical Lagrangian approach.
With the invention of regularized Gauss-Bonnet tensor (or regularized p = 2 Lovelock tensor) proposed by Glavan
and Lin [2], many interesting works have been carried out to investigate and extend the four dimensional Einstein-
Gauss-Bonnet gravity. These works include the exact solutions [6–13], the black hole quasinormal modes [14–23], the
black hole shadows [24–29], the gravitational lensing [30–34], the black hole thermodynamics [35–43], the regular-
ized Einstein-Gauss-Bonnet gravity [44–48] and the holographic superconductors [49]. Finally, some comments and
objections can be found in [50–55].
The regularized Lovelock tensors G˜
(p)
µν are derived by variations of the Lovelock action with respect to metric tensor.
Therefore, they exactly obey the law of G˜
(p);ν
µν = 0. It is this nice property that enables the equation of motion for
the scalar field is second order when the regularized Lovelock tensors are kinetically coupled. The corresponding
Lagrangian is
L = −1
2
N∑
p=0
αpG˜
(p)
µν∇µφ∇νφ− V (φ) , (3)
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2where αp are constants and V (φ) is the scalar potential. The aim of this paper is to propose this coupling and
investigate the cosmic evolution. We find that when the p = 3 Lovelock tensor is kinetically coupled to the scalar
field, the field can be the potential candidate of cosmic dark energy.
The paper is organized as follows. In Sec. II, we review the concept of regularized Lovelock tensors and propose
its coupling with scalar field. In Sec. III, we study the cosmic evolution of the scalar field in the background of
four dimensional and spatially flat Friedmann-Robertson-Walker Universe. Then Sec. IV gives the conclusion and
discussion. Throughout this paper, we adopt the system of units in which G = c = ~ = 1 and the metric signature
(−, +, +, +).
II. THE REGULARIZED LOVELOCK TENSORS AND ITS COUPLING WITH SCALAR FIELD
The action of Lovelock gravity [1] takes the form
S =
∫
dnx
√−g
[∑
p
αpλ
2(p−1)Lp + Lm
]
, (4)
where n is the dimension of spacetime, αp are constants and summation is carried over all p ∈ N . λ is a length scale.
Lm is the Lagrangian of matters.
Lp is defined by
Lp = 2
−pδ
λ1λ2···λ2p
σ1σ2···σ2pR
σ1σ2
λ1λ2
Rσ3σ4λ3λ4 · · ·R
σ2p−1σ2p
λ2p−1λ2p
, (5)
where δ
λ1λ2···λ2p
σ1σ2···σ2p is the generalized Kronecker delta of the order 2p. It equals to ±1 if the upper indices form an even
or odd permutation of the lower ones, respectively, and zero in all other cases. Here Rσkσlλiλj is the Riemann tensor.
For example, we have
L0 = 1 , L1 = R , L2 = RµναβR
µναβ − 4RµνRµν +R2 . (6)
They correspond the cosmological constant, Einstein-Hilbert Lagrangian and Lanczos Lagrangian [56, 57], respectively.
The variation of action with respect to the metric gives the Lovelock gravity [1]∑
p
αpλ
2(p−1)G(p)µν = κTµν . (7)
Tµν is the energy momentum tensor of matters and κ is a constant. In four dimensional case, κ = 8pi. The Lovelock
tensors are
Gµ(p)ν = −2−p−1δ
µλ1λ2···λ2p
νσ1σ2···σ2pR
σ1σ2
λ1λ2
Rσ3σ4λ3λ4 · · · R
σ2p−1σ2p
λ2p−1λ2p
. (8)
In particular, we have [58]
G(0)µν = −
1
2
gµν ,
G(1)µν = Rµν −
1
2
gµνR ,
G(2)µν = −
1
2
gµν
(
R2 − 4RκσRκσ +RκστρRκστρ
)
+ 2 (RRµν −RµσκτRκτσν − 2RµκνσRκσ − 2RµσRσν ) ,
G(3)µν =
1
2
gµν
(
12RRκσR
κσ −R3 − 3RRαβσκRαβσκ − 16RβαRσβRασ + 24RαβRσκRασβκ + 24RβαRασκρRβσκρ
+2RσκαβR
ρλ
σκR
αβ
ρλ − 8RσκαβRαλσρRβρκλ
)
− 24RµαβσRβνRασ − 12RµνRαβRαβ + 24RαµRβαRβν + 24RαµRβσRαβσν
+3RµνR
2 + 3RµνRαβσκR
αβσκ − 12RµαRνβσκRαβσκ + 6RRµαβσRαβσν − 24RµανβRασRσβ − 12RRσµRσν
+24RµανβRσκR
ασβκ − 12RµαβσRκαβσRκν − 12RµαβσRακRβσνκ + 12RRµσνκRσκ
+12RµανβR
α
σκρR
βσκρ + 6Rαβσµ R
κρ
βσRκρασ + 24R
βσ
µαRβνρλR
λαρ
σ + 24R
αβσ
µ R
κ
βRσκνβ . (9)
In the background of Friedmann-Robertson-Walker Universe
ds2 = −dt2 + a (t)2 (dr2 + r2dΩ2n−2) , (10)
3where a(t) is the scale factor of the Universe, the Lovelock Lagrangians and tensors reduce to [59]
Lp = H
2p n!
(n− 2p)! , G(p)µν =
1
2
H2p
(n− 1)!
(n− 2p− 1)!gµν , (11)
with
H = a˙/a , (12)
the Hubble parameter. It is apparent we must have
0 ≤ 2p < n− 1 . (13)
Then we conclude that when n = 4, we have p = 0 and p = 1. In other words, only the cosmological term and Einstein
tensor are non-vanishing. In order that all the Lovelock tensors make contributions in the equations of motion for
arbitrary dimensions, Caslina et al. propose the regularized Lovelock gravity [3] by substitution
αp → αp (n− 2p− 1)!
(n− 1)! . (14)
By this substitution, the Lovelock Lagrangians and tensors become
L˜p = H
2p n
(n− 2p) , G˜(p)µν =
1
2
H2pgµν . (15)
Now all the orders of Lagrangians and tensors are non-vanishing in four dimensional spacetime because they are
regularized. Since the regularized Lovelock tensors ˜˜G
(p)
µν are derived by variations of the action, they exactly obey the
law of G˜
(p);ν
µν = 0. It is this desired property that enables us to kinetically couple it with scalar field
L = −1
2
N∑
p=0
αpG˜
(p)
µν∇µφ∇νφ− V (φ) , (16)
where αp are constants and V (φ) is the scalar potential.
The equation of motion for the scalar field is
N∑
p
αpG˜
(p)
µν∇µ∇νφ−
dV
dφ
= 0 . (17)
It is an equation of motion with second order derivative. For simplicity, we shall consider V = 0 in the next section.
III. COSMIC EVOLUTION
In this section, we investigate the cosmic evolution of the scalar field in the 4 dimensional spatially flat Friedmann-
Robertson-Walker Universe. The metric is given by
ds2 = −dt2 + a (t)2 (dr2 + r2dΩ22) , (18)
where a(t) is the scale factor of the Universe. Taking into account the contribution of ordinary matter, dark matter
and radiation matter, we have the total action as follows
S =
∫
d4x
√−g
[
R
16pi
− 1
2
∑
p
αpG˜
(p)
µν∇µφ∇νφ+ Lm
]
. (19)
After tedious calculations, we obtain the Friedmann equation
3H2 = 8pi
[
1
2
N∑
p=0
αp
(
p+
1
2
)
H2pφ˙2 + ρm
]
, (20)
4the acceleration equation
2H˙ + 3H2 = −8pi
{
1
2
N∑
p=0
[
1
3
αppH
2p+1φ˙φ¨+
1
12
αpH
2p
(
4p2H˙ − 2pH˙ + 6pH2 − 3H2
)
φ˙2
]
+ pm
}
, (21)
and the equation of motion for scalar field (
N∑
p=0
αpa
3H2pφ˙
)·
= 0 , (22)
where dot denotes the derivative with respect to cosmic time t. ρm and pm are the energy densities and pressures of
matters which mainly cover dark matter and radiation matter. We note that only two of the above three equations
are independent.
By solving Eq. (22), we find the Friedmann equation can be written as
3H2 = 8pi
[
1
a6F 2
d (FH)
dH
+ ρm
]
, (23)
where F is defined by
F ≡
N∑
p
αpH
2p . (24)
From the Friedmann equation (23), the energy density of scalar field is read out
ρX =
1
a6F 2
d (FH)
dH
. (25)
It is the function of Hubble parameter. In particular, when
F = αpH
2p , (26)
which comes from the coupling of p-th order Lovelock tensor with scalar field, we have
ρX =
2p+ 1
αpa6H2p
. (27)
It tells us that, in the radiation dominated epoch of the Universe, we have H2 ∝ a−4 such that ρX ∝ a4p−6. For
p ≥ 2, the scalar field behaves as a phantom dark energy, growing with the expansion of Universe. On the other hand,
in the matter dominated epoch, we have H2 ∝ a−3 such that ρX ∝ a3p−6. For the p = 2 Lovelock tensor, ρX ≈ cost.
In this case, the scalar field behaves as a cosmological constant. But the detailed analysis in the next shows that
p = 3 Lovelock tensor coupling is the potential candidate of cosmic dark energy.
By convention, the Friedmann equation can be reformulated as
1 = ΩX +Ωd +Ωr , (28)
with
ΩX ≡ Ω0X
a6h2p
, Ωd ≡ Ω0d
a3h2
, Ωr ≡ Ω0r
a4h2
. (29)
Here h = H/H0 and H0 are the normalized and present-day Hubble parameters, respectively. Ωd, Ωr and ΩX are the
ratios of various components. Astrophysical observations suggest the present-day ratios are Ω0d = 0.25, Ω0r = 10
−4
and Ω0X = 0.75.
In Fig. 1, we plot the equation of state ω
ω = −1
3
d ln ρX
d ln a
− 1 , (30)
with respect to N = ln a for p = 2, 3, 4, 5, 6 from top to bottom. Observations reveal that the present-day equation
of state for dark energy is around −1. For p = 3, we have the present-day equation of state ω0 = −1.1. Thus the case
of p = 3 is preferable to being the candidate of dark energy. In Fig. 2, we plot the cosmic evolution of ratios for dark
matter, radiation matter and the scalar field with respect to N = ln a. They are consistent with the observations very
well.
5FIG. 1: The cosmic evolution of equation of state for the scalar field. They correspond to p = 2, 3, 4, 5, 6 from top to bottom.
The case of p = 3 is preferable to being the candidate of cosmic dark energy.
FIG. 2: The cosmic evolution of ratios for dark matter Ωd, radiation matter Ωr and the scalar field ΩX for the coupling of
p = 3 regularized Lovelock tensor.
IV. CONCLUSION AND DISCUSSION
It is well known that the Lovelock tensors with p ≥ 2 are vanishing when the spacetime is four dimensional.
This property seriously blocks their application in four dimensional spacetime. However, if the Lovelock gravity is
regularized [3], all the orders of Lovelock tensors are non-vanishing irrespective of the dimension of spacetime. Thus
this regularization clears the way for the research of Lovelock tensors in physical spacetime. In essence, the regularized
Lovelock tensors are derived by the variation of gravitational action with respect to metric tensor. Therefore, they
exactly obey the law of G˜
(p);ν
µν = 0. Namely, the covariant divergence is vanishing. It is this nice property that enables
the equation of motion for the scalar field is second order when the regularized tensors are kinetically coupled.
Then the cosmic evolution of the scalar field is investigated. The Friedmann equation and the acceleration equation
are derived. The energy density of the scalar field is the positive series of Hubble parameter
F ≡
N∑
p=0
αpH
2p . (31)
In principle, one can let N = +∞ since the order p of the Lovelock tensor can be arbitrarily large. Then the energy
6density becomes
F ≡
+∞∑
p=0
αpH
2p . (32)
It is an infinite series of Hubble parameter. So we can get any form of F (H) we want if the coupling constants αp are
properly chosen. For example, F = e−αH
6
embraces the contribution of all the Lovelock tensors with p ≥ 3. We have
studied the equation of state for the scalar field when p = 2, 3, 4, 5, 6. It is shown that when p ≥ 3, the scalar field
behaves as phantom dark energy, growing with the expansion of the Universe. In particular, the case of p = 3 can be
the potential candidate of cosmic dark energy.
Anyway, the invention of regularized Lovelock tensors opens a new window for the research in physics. Many
interesting phenomena need to be discovered. For example, when they are kinetically coupled to scalar field, the case
of p = 3 is the potential candidate of cosmic dark energy.
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